Abstract. The formula for dark energy density derived by Gurzadyan and Xue provides a remarkable fit to the SN data, unlike numerous phenomenological dark energy scenarios where the corresponding value is postulated. We consider several cosmological models based on that formula and derive the cosmological equations for each case. It is shown that in all models source terms appear in the continuity equation. For some models it is possible to neglect these sorce terms for large scale factor reducing the models to the standard Friedmann equations. With this assumption we link them to observations using two key numbers: the first acoustic peak position in the CMB power spectrum and the age of the Universe. We show that two GX-models with varying physical constants correspond in this approximation to the negative curvature and concordance models. Remarkable that in the model 1 the energy transfer from dark energy into the usual matter takes place.
Introduction
With the establishement of observational evidence favoring dark energy domination in the recent history of the cosmological expansion, numerous different models were suggested to account for it. For most of them the value of the corresponding density parameter is chosen to fit the observational one. In contrast, Gurzadyan and Xue formula [1] for dark energy predicts the observed value for the density parameter of the dark energy. The formula reads
whereh is the Planck constant, the Planck length is L p = hG c 3 1 2 , c is the speed of light, G is the gravitational constant, a is the scale factor of the Universe. Following the original idea by Zeldovich [2] , it corresponds to the cosmological term
Therefore, to keep it constant, the speed of light should vary with cosmological expansion as c ∝ a. One can consider other possibilities as well, assuming the presence of some fundamental physical quantity and admitting variation of basic physical constants in the spirit of Dirac approach. Since the Planck constant does not appear in (1) , these can be the gravitational constant and the speed of light.
In the literature there is a long-standing discussion how to understand possible variability of physical constants, linking this point to the meaning of world constants and units in physics [3] . Clearly experimentally only dimensionless constants variation can be detected, but the meaning and the content of the underlying physical theory changes depending on the issue which dimentionful quantity varies.
In fact, models with varying physical constants are among the currently discussed ones (e.g. [4] ). However, models based on the formula (1) are very different from various phenomenological models of dark energy, phantoms etc., because of the underlying empirical basis, namely agreement between predictions for dark energy density parameter and the value, following from the array of recent observations.
The classification of various cosmological models following from GX-formula is given in [5] . In this paper we derive cosmological equations for the simplest cases discussed in [5] and compare them to the standard cosmological model.
In the section 2 cosmological equations with varying physical constants are formulated. In the section 3 we derive these equations for particular cases, discussed in [5] . In the section 4 we give an example how to compute for selected models such quantities as the age of the Universe and the acoustic peak position in the anisotropy spectrum of cosmic microwave background (CMB) radiation to be subsequently compared with observational values. Conclusions follow in the last section.
Cosmological equations with varying constants
In this section we are going to derive cosmological equations, assuming varying constants, such as the speed of light c(t), the gravitational constant G(t) and the cosmological term Λ(t) depending on the cosmic time t. Einstein equations are postulated to be valid in such a case.
We start from the FRW interval
where t is the cosmic time, r, θ, ϕ are spatial coordinates, a is the scale factor. Using Einstein equations
and the energy-momentum tensor
with ǫ = µc 2 being the energy density, p being the pressure, µ is the matter density, we arrive at the cosmological equations
where k is the sign of spatial curvature, H ≡ d ln a/dt is the Hubble parameter. From (6) and (7) (or from T µν ;ν = 0) continuity equation can be writteṅ
It is easy to check that (6) is the first integral of (7) as it is within standard Friedmann cosmology. Cosmological equations for the case when c and G both depend on time can be found in [6] . For the case when instead Λ and G depend on time these equations are given in [7] . Our equations reduce to equations of [6] and [7] with the corresponding assumptions. There is a difference, however, between cosmological equations presented in our paper and that of [6] , because we postulated only invariance of the Einstein equations, while authors of [6] assumed that both Einstein and Friedmann equations are still valid. With these assumptions the last term in (7) disappears and our equations looks identical to those of [6] . Note, that the former energy conservation does not hold any more: there are sources and drains of energy (e.g. from dark energy to the usual matter) in (8) . Exactly because of this reason (8) cannot be integrated to obtain density as the function of the scale factor and substitute it into (6) . Therefore, the system (6)- (8) can be integrated only numerically.
In [5] five different cases have been discussed, namely:
In the next section we present cosmological equations for each of the cases (i-iv) and discuss the corresponding cosmological scenarios.
3. Cosmological models based on Gurzadyan-Xue formula Model 1. Neither the speed of light nor the gravitational constant vary with time, but in this case from (2) one can see that Λ ∝ a −2 . Cosmological equations are
where
. It is clear that k ′ < 0, i.e. the effect of Λ variation is to make spatial geometry negatively curved, even if the original sign of k is +. The source term in the continuity equation can be interpreted as the energy transfer from the dark energy component into the matter component (see [7] and references therein).
If one neglects the source term in the continuity equation (that is possible for sufficiently large scale factor), this system describes the usual Friedmann cosmology with negative curvature. , while the speed of light does not. The cosmological term also aquires dependence on the scale factor through G and is given by (2). Cosmological equations are
These are very different from the usual Friedmann equations. Even if we neglect the source terms in the continuity equation, the first cosmological equation does not correspond to the first Friedmann one. Detailed analysis of these equations is required. , where the constant α appears in the cosmological equations
The source term in the continuity equation can be neglected for large a, but the first Friedmann equation contains the negative a −1 term which is again very different from the standard cosmology.
In the case 5 of [5] cosmological equations are given by the system (6)- (8) .
In the next section we will consider an approximation when source terms in the continuity equation can be neglected and the usual law µ ∝ a −3 takes place. Expressions for important cosmological quantities such as the age of the Universe and the first acoustic peak of the cosmic microwave background anisotropy spectrum will be obtained as the basis for subsequent comparison with observations.
The age of the Universe and the first acoustic peak in the CMB anisotropy spectrum
From inspection of (2) we find that it is convenient to introduce the following parametrization for the models 1,2 and 4 considered above
where x ≡ a/a 0 , and all density parameters are calculated for present epoch, a(t 0 ) = a 0 , assuming standard energy conservation law, and are defined as follows
where ρ 0 and ρ r0 are present densities of nonrelativistic and relativistic matter, respectively. Note, that Ω α is negative.
First acoustic peak position
The multipole for the CMB first peak position is expressed from the angular size of the last scattering surface
where the sound horizon r sh at the epoch of last scattering t * is
conformal time is dη = dt/a, with the speed of sound
The position of the first peak should be corrected taking into account the shift of the spectrum [8] and it is given by
with the fitting formula, which we modified for higher baryonic fraction Ω b h 2 = 0.023 asφ
where the ratio of the matter and radiation at the last scattering with z * is
The distance to the last scattering surface is determined from the condition ds 2 = 0, i.e.
Putting everything together, we find
where the function
for Ω k > 0 and F [y] = y for Ω k = 0 and i = r, m, k, α, Λ as in (13).
Age
Given equation (13), the age of the Universe is calculated via the integral
Observational constraints
Recent observations allowed to determine the position of the first acoustic peak in the CMB anisotropy spectrum with the high accuracy. Current best-fit value [10] is l obs = 220.1 ± 0.8.
The age of globular clusters, in agreement with cosmic nucleo-chronology, sets an conservative lower bound to the age of the Universe [11] t obs = 11.2 10 9 Yrs.
Assuming negligible source term in the continuity equation we can compare predictions of the models 1,2 and 4 with observations. Clearly, this is only an example how to preceed within these new settings, when the standard Friedmann cosmology is no longer valid. To get real constraints on these parameters, numerical integration of cosmological equations is needed, taking into account the source term in the continuity equation.
To perform simple integrals (28) and (29) we take certain values of the cosmological parameters. We adopt the Hubble constant value h = 0.72 [12] , as well as the baryonic fraction of the Universe
in agreement with 2dFGRS [9] results. The best fit value for the latter parameter currently comes from the CMB anisotropy measurements, but we cannot use it since it was obtained within the concordance model. BBN provides weaker constraints on Ω b . With these values of cosmological parameters the redshift of last scattering is z * = x −1 * = 1267. Radiation density parameter is calculated from the CMB temperature T 0 = 2.726 K being
We take concordance value for the matter density parameter
although results from the analysis of the final 2dFGRS sample point out on a somewhat smaller value Ω m = 0.23 [9] . For the model 1 we obtain the peak position at the multipole l = 418.7 with the age being 11 GYrs. For the model 2 we have l = 219.7 and the age is 13.1 GYrs. It is impossible to calculate the corresponding values for the model 4 since the sum of density parameters is no longer 1 in this case.
Conclusions
In this paper we explored various cosmological models with Gurzadyan-Xue dark energy formula (1), assuming also variation of physical constants such as the speed of light and the gravitational constant. It is shown that unlike standard Friedmann models, various interesting possibilities appear. In particular in the model 1 the continuity equation is reduced to the energy conservation: the energy transfer from dark energy component into the usual matter takes place. For some cases (models 1,2 and 4), the source term in the continuity equation can be neglected for sufficiently large scale factors, and the discussion of the dynamics in this asymptotic cases can be given in terms of the standard cosmology. In contrast, for the model 3 the source term in the continuity equation change drastically the dynamics even in the case of the usual pressureless matter.
Comparison of predictions of models considered in this paper with observations will be given elsewhere. Here we present expressions for the two key observational numbers, the first acoustic peak position in the power spectrum of CMB anisotropy and the age of the Universe, neglecting source terms in the continuity equation.
